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Abstract

I describe a recently derived stochastic approach to inflaton dynamics which pro-
vides a framework for understanding the dynamics of a quantum scalar field driving
an inflationary phase. This theory can address some serious problems associated
with the conventional textbook approach. Specifically, it can address the quantum-
to-classical transition problem, and it will be shown to lead to a dramatic easing of
the fine tuning constraints that have plagued inflation theories.

The inflationary universe scenario asserts that, at some very early time, the universe
went through a de Sitter phase expansion with scale factor a(t) growing as e'. Inflation
is needed because it solves the horizon, flatness and monopole problems of the very early
universe and also provides a mechanism for the creation of primordial density fluctuations.
For these reasons it is an integral part of the standard cosmological model [1].

The inflationary phase is driven by a quantum scalar field with a potential V(®),
that can take on many different forms that satisfy the ‘slow roll’ conditions. In the
conventional approach to inflaton dynamics [1], the inflaton field ® is first split into a
spatially homogeneous piece and an inhomogeneous piece

B(x,5) = 6(s) + 1(x, ). 0
The dynamics of the ¢ is then postulated to obey the classical ‘slow roll” equation of

é—l—#:(} (2)

This equation governs the dynamics of ¢ which drives the inflationary phase. It is also

motion

possible to discuss the generation of primordial density fluctuations using . Assuming
that ¢ > ¢, it can be shown that ¢ is described by a free massless minimally coupled
quantum scalar field. During exponential inflation the quantum fluctuations of ¢ grow as
2]

(%) = (27) 211 (3)

These quantum fluctuations are then identified with the classical fluctuations which gen-
erate primordial density fluctuations [1, 3]. It is important to note here that interactions
between the coarse-grained field ¢ and its fluctuations ¢ are ignored. This is possible in
this approach because the density fluctuations are directly identified with (1)?).
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Consistent with the conventional approach above is the ‘Stochastic Inflation’ program
initiated by Starobinsky [4] and further developed by others [5]. In this case the field ¢
obeys

. V/(¢) B H3/2
bt i = T Fult), (4)

where F,(t) is a zero mean gaussian white noise source of unit amplitude. In this case ¢

describes the field ® coarse-grained over a volume determined by the apparent de Sitter
horizon. We will refer to ¢ as the local order parameter. In this method the observable
universe is comprised of many patches each with its own local order parameter whose
dynamics obeys (4). Spatial inhomogeneities arise because the local order parameter in
each patch can take on different values by virtue of the noise in (4). Equation (4) has been
the basis for many applications including studies of the generation of primordial density
fluctuations [6, 7] and the very large scale structure of the universe [8].

A problem with the conventional approach is that it is assumed, without justification,
that the local order parameter ¢ can be treated as a classical order parameter, and
that the quantum fluctuations of 1 are equivalent to classical fluctuations. Since ¢ and
Y are treated as de-coupled closed quantum systems it is impossible for this method to
explain the quantum-to-classical transition of ¢ and v from first principles. Another more
serious problem comes from directly identifying the quantum fluctuations (¢»?), with the
classical fluctuations that generate primordial density fluctuations. This scheme leads
to an overproduction of primordial density fluctuations which can only be avoided by
unnaturally fine-tuning the coupling constants in the inflaton potential. This is the well
known fine-tuning problem of inflation.

Several authors have previously suggested that these problems arise because the con-
ventional approach to calculating primordial density fluctuations is inconsistent with the
established methods of non-equilibrium statistical physics. This was first pointed out by
Hu and Zhang [9] and further developed in [10, 11, 12] (see also Lombardo and Mazzitelli
[13] and Morikawa [14]). Morikawa [15] first suggested that this inconsistency was the
origin of the fine-tuning problem. This was explored in more detail by Calzetta and Hu
[16] and most recently by Calzetta and Gonorazky [17].

While the conventional approach may be the only possible one for a free field, in [18]
an alternative has been developed for interacting fields which does address the problems
outlined above. The theory is similar in style to the conventional stochastic inflation pro-
gram but differs in a fundamental way. In this theory we no longer identify the quantum
fluctuations (1?) directly with the classical fluctuations that generate primordial density
fluctuations. The new role of the field v is to provide a noise source (via backreaction)
in the quantum dynamics of the local order parameter ¢. This is nothing but an applica-
tion of the well known quantum Brownian motion paradigm of non-equilibrium statistical
physics. The field ¢ plays the role of an environment which couples to the system ¢ and
indirectly generates fluctuations 6¢ in the system. This environmental noise will gener-
ate quantum decoherence which is the process that leads to entropy generation and the
quantum-to-classical transition of the order parameter and its fluctuations. We then iden-
tify the resulting classical fluctuations of the local order parameter 6 ¢, as those which lead
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to density fluctuations, rather than the quantum fluctuations derived directly from (1/?).
Clearly in this approach the interaction between ¢ and ) is critical. As well as addressing
the quantum-to-classical transition problem, this theory leads to a dramatic easing of the
fine tuning constraints, a problem that has plagued the conventional approach to inflaton
dynamics.

The main result is that, for a minimally coupled scalar field in a de Sitter phase,
the quantum dynamics of the local order parameter ¢ can be described by the relatively
simple stochastic quantum mechanical Hamiltonian [18]

2 2
P H
s T ¢ V(0) = 5 VI (9) ), (5)
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H(t) =

where p = €3th‘§ is the canonical momentum and p and ¢ obey the usual quantum mechan-
ical commutator. F.() is a zero mean gaussian coloured noise of unit amplitude with a
correlation time of the order H~!. This result is valid for a general inflaton potential. The
origin of the noise is the backreaction of quantum fluctuations with wavelengths shorter
than the coarse-graining scale. The noise is of a multiplicative nature because its origin
is the mode-mode coupling induced by the self-interaction of the inflaton. For a free field
the stochastic term vanishes. This is because the environment ¢ and the system ¢ now
decouple and the conventional situation is recovered. Major simplification was made by
ignoring information about spatial correlations between the order parameters of different
regions. This allows a description based on a single degree of freedom. Further significant
simplification was obtained by invoking the standard slow roll assumptions. This makes
it possible to show that the potential renormalisation and non-local dissipation terms are
negligible.

In the semiclassical limit the dynamics of the local order paramter is described by [18]

) V/(¢) . H1/2 "
b+ = VO @

F,, is a white noise of unit amplitude that is interpreted in the Stratonovich sense (since
it is an approximation to a coloured noise). We also interpret the noise in (4) the same
way, though in this case one is also free to use the Ito interpretation. In deriving this
equation from (5) we have invoked the slow roll conditions to neglect the inertial term
and approximate the intrinsically coloured noise by a white noise.

In [19] we have studied an exact solution to (6) for the quartic potential
V(g)=Ao'/4 (7)

of chaotic inflation, and used it to study the generation of primordial density fluctuations.
We found that on both sub and super-horizon scales the theory predicts gaussian fluc-
tuations to a very high accuracy along with a near scale-invariant spectrum. This is in
general agreement with observations. Of most interest is that the amplitude constraint is
found to be satisfied for A ~ 107° rather than A ~ 107* of the conventional theory. This
represents a dramatic easing of the fine-tuning constraints, a feature likely to generalise
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to a wide range of potentials. These results were based on equation (6), the classical
limit of the theory. The other great advantage of this theory is that it leads naturally
to a description of the inflaton whose dynamics is described by the quantum open sys-
tem (5). This allows the quantum-to-classical transition to occur as a non-equilibrium
quantum statistical process (decoherence), rather than being simply postulated as in the
conventional approach. Work on this issue is currently in progress.
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